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Application of the Variational Theorem for
Creep of Shallow Spherical Shells

JOHN J. J. SHI,* CONOR D. JOHNSON,* AND NELSON R. BAULD jR.f
Clemson University, Clemson, S.C.

The variational theorem for creep is used to study the creep deflections and collapse times
for simply supported thin shallow spherical shells under uniform external pressure. The
initial and subsequent forms of the stress resultants and displacements are obtained with the
aid of the elastic theory of thin shallow spherical shells. The variational theorem for creep
leads to a set of simultaneous ordinary differential equations with prescribed initial condi-
tions. Numerical solutions are generated by means of the Runge-Kutta method. Theo-
retical predictions for creep deflections and collapse times are compared with experimental
data for five test shells at each of three different pressure levels for Type 6/6 Nylon. It was
found that the theory predicts creep deflections that are consistently smaller than the experi-
mental values, whereas the theoretical collapse times are consistently larger than the experi-
mental collapse times. The discrepancy between the theoretical predictions for creep de-
flections and collapses times and the experimental data is believed to be due largely to the
deviations which occur between the theoretical and actual stress and displacement mode
shapes with the passage of time. Closer agreement should be expected when more time
flexibility is built into these mode forms.

a

B

D
E,p
h,R,H

Mp,Mo

NP,Ne

Nomenclature
coefficients appearing in approximating poly-

nomials (i = 1,2,... ,12)
radius of the projection of the shell onto its base-

plane
parameter defined by B = (1 - v)qR*ao/(2Eh)
creep parameters
flexural rigidity defined by D = Eh*/[12(l - */2)]
Young's modulus and Poisson's ratio, respectively
shell thickness, radius of curvature, and rise, re-

spectively
creep functional
coefficients arising through integration of creep

functional (i = 1, 2, . . . , 31)
second invariant of the deviatoric stress tensor

= radial and circumferential moment resultants,
respectively

= radial and circumferential force resultants, respec-
tively

= external pressure
= instantaneous critical pressure
= dimensionless radial coordinate defined by r = p/a
-- components of the deviatoric stress tensor
= portions of the surface over which the displacement

and stress vectors are prescribed, respectively
= components of the surface traction
= prescribed components of the surface traction
= time, hours
= meridional and transverse components of displace-

ment of a generic point in the shell
= meridional and transverse components of dis-

placement of points lying on the middle surface
of the shell

Ui — components of the generic displacement vector
Ui* = prescribed components of the displacement vector
a = dimensionless variable defined by a = p/po
aQ — parameter defined by ao = a/po
da = Kronecker delta
€p,ee = meridional and circumferential components of

strain at a generic point in the shell, respectively
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u,w
u,w

eij = components of the total strain tensor
e»ye,€t/c = components of the elastic and creep portions of

the total strain tensor, respectively
p,6,z = cylindrical coordinates
Po = parameter denned by p0

4 = DR*/(Eh)
<rP)cre = meridional and circumferential components of

stress, respectively
o~ij = components of the stress tensor
<i> = Airy stress function

I. Introduction

A THIN shallow spherical shell under uniform pressure
less than the instantaneous critical pressure is an ex-

ample of a structural element which, prior to creep deforma-
tions, is stable in the classical sense but which ultimately
deforms into a configuration that is unstable under the same
external pressure, provided this pressure induces stresses
that exceed the creep limit of the material. In some cases
it is quite possible that the stresses accompanying the in-
stantaneous critical pressure do riot exceed the creep limit
of the material, and, hence, all configurations for q < qcr rep-
resent stable and time-independent equilibrium configura-
tions. In other cases the internal stresses accompanying
the instantaneous critical pressure will exceed the creep limit
of the material to the extent that for a small range of ex-
ternal pressures less than qcr, creep deformations will be
possible. Thus, with the passage of time a configuration
that is initially stable will pass subsequently into an unstable
configuration.

It is this last phenomenon to which the present investiga-
tion addresses itself. Accordingly, the purpose of this
investigation is to study, via the variational theorem for
creep,1 transient and steady-state creep deformations and
collapse times for simply supported thin shallow spherical
shells under uniform external pressure. A further purpose
is to present a comparison between theoretical predictions
for creep deformations and collapse times with data ob-
tained in the experimental phase of this investigation.

The procedure used in the application of the variational
theorem for creep was to assume suitable approximate func-
tions to represent the moment and force resultants and dis-
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Fig. 1 Sketch of shallow
spherical shell showing
pertinent geometric pa-
rameters and coordinates.

placement components in the shell at an arbitrary time.
The approximating functions were defined explicitly in the
spatial coordinates using the elastic theory of thin shallow
spherical shells2-3 as a guide, whereas flexibility in the time
coordinate is incorporated by means of dimensionless time
parameters that are determined by the initial value problem
that results from the application of the creep theorem. Ini-
tial values for the dimensionless time parameters are arrived
at through the elastic theory of thin shallow spherical shells.

II. Application of the Variational Theorem
for Creep

Geometrical Considerations

The pertinent geometrical parameters relevant to this
study, as well as the coordinate system employed, are de-
picted in Fig. 1. It is assumed that the shell is subjected to
a uniform external pressure that remains constant in magni-
tude and direction and is simply supported at the edge p = a.
The coordinate system used is the customary one used in the
study of the elastic theory of shallow shells with p, 6 repre-
senting polar coordinates in the base-plane of the shell. Dis-
tance along the outwardly directed normal, measured from
the middle surface of the shell, is denoted by positive z. Other
important geometrical parameters are the shell rise H, thick-
ness h, radius of curvature R, and base-plane edge radius a.
The pressure is denoted by q.

Variational Theorem for Creep

The variational theorem for creep asserts that, from among
all admissible stress or strain rates for a known state of stress
or strain, those which actually occur provide a stationary
value to the creep functional.

The creep functional considered in the enunciation of the
variational theorem is expressed in Cartesian tensor notation
in the form

(1)

where dots over quantities signify differentiation with respect
to time. Other symbols are defined in the Nomenclature
accompanying this paper. According to this theorem, the
first term in the volume integral is to be written in terms of
displacements. The elastic part of the third term is to be
written in terms of stress rates, and the creep part in terms
of stresses. Finally, the creep functional is to be varied
with respect to the time rates of change of the stresses and
displacements and not the stresses and displacements
themselves.

Creep Model

The model used to represent the thin shallow spherical
shell undergoing elastic and inelastic deformations assumes
that the deformation (elastic and creep) occur in a rotationally

symmetric manner, time-independent inelastic deformations
are negligible, and a biaxial state of stress exists in the shell.

Strain-displacement relations used are those associated
with the customary linearly elastic theory except that
quadratic terms in the derivatives of the normal displacement
w are retained, thus

€p = Up + W/R + JWp2 ~ ZWpp,

ee = u/p + w/R — zwp

Subscripts on displacements indicate differentiation; how-
ever, subscripts on other quantities such as stresses and strains
indicate the coordinate directions with which these quantities
are to be associated.

The displacements and stresses are assumed to vary over
the thickness according to the relations

(2)

U = u — zwp, W = w
and

<n(p,t) =

(3)

The quantities Ni and Mi are force and moment resultants
defined in thin shell theory.4

The constitutive relations used in this study consist of
Hooke's law for the elastic part of the total strain, and the
following creep relation that determines the creep rates

where $# and /2 represent the components of the deviatoric
stress tensor and the second invariant of this tensor, respec-
tively. The material properties (Co,Mo) are determined by
requiring that the multiaxial creep relation Eq. (5) reduce to
the uniaxial creep relation

e = \(Tmptp~l (6)

The material properties (\,m,p) can be determined from a
family of constant stress creep curves at constant tempera-
ture. The various material properties are interrelated by
the formulas

770 = (m - l)/2, Co = (X/2)3[(-+1)/2l (7)

Construction of the Creep Functional

The only nonzero components of stress and displacement
are the membrane stresses ap and (70, and the meridional and
transverse displacements u and w. The various terms in the
integrand of the volume integral of the creep functional are
found to be (see Appendix A for the transformation of the
second term from cartesian coordinates to the present system)

/ , w . . . \ • , /M , w z V
•€iy<Tff = I Up + - + WWp - ZWpp] (Tp -f I - + - - - Wp 1(70

(8)

(<v>-

- 2vcrpcre

X

(9)

and

[(2o> - <r,)fff + (2ff, - *„)*,] (10)

[(<-+!—)•+

For thin shallow shells (z/R « 1 and H/a « 1) the volume
element can be approximated by dv = pdpdddz.
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Making use of Eqs. (3) and the definition of the stress re-
sultants of thin shell theory the surface integrals entering
into the creep functional can be written in the form

= f s(fp*u
and

fsd(Ui ~
(wp - wp*)Mp

(12)

(w - w*)Qp}dA (13)

Here A signifies the region occupied by the base-plane of the
shell. The pressure is assumed to remain constant in magni-
tude and direction, thus the integral (12) vanishes identically.
The integral (13) supplies the conditions that are to be satis-
fied at the edge of the shell. Accordingly, for the simply
supported shell the boundary conditions to be satisfied are
u(a,t) = w(a,t) = Mp(a,t) = 0. Introducing the dimension-
less radial coordinate r = p/a and integrating with respect
to 6, yields for the creep functional

Ch/2 /•! ( /' Ur , W , WrWr Z
I = 2ira* I I \[ - + - + —r- ~ —» ̂J -h/2 Jo ( \a R a2 a2

R ar

T (erp» -

[vp(2ap - ae) + *

i 2\ \/

rdrdz (14)

Stress Resultants and Displacements

The manner in which the stresses are assumed to vary
over the shell thickness is defined by Eqs. (4) in terms of the
force and moment resultants. It is necessary, therefore, to
determine the variation of these stress resultants and dis-
placements along a meridian of the shell so that the spatial
integrations indicated by Eq. (14) can be carried out.

Approximations to the stress resultants and displacements
can be obtained by considering the forms of these quantities
for the elastic case2'3 and building into them a flexibility
relative to time by means of dimensionless time parameters
that then can be determined by the variational theorem.

The stress resultants and displacements are assumed to
depend on time according to the relations

(15)

and

Mt(r,i) =
jV,(r,«) = (Eh/R)BN'i(r)Ni*(t)

u(r$ = (PQ/R}Bu'(r)u*(t)

w(r,t) = Bw'(r)w*(t), (i =

The primed quantities appearing in Eqs. (15) are dimension-
less spatial stress resultants and displacements that depend
only on the dimensionless radial coordinate r, and Poisson's
ratio. Thus, aside from Poisson's ratio these quantities are
independent of material and geometrical properties. The
starred quantities represent dimensionless time parameters.

If the initial values of the dimensionless time parameters
are taken as unity, M;*(0) = 1, #t-*(0) = 1, u*(Q) = 1,
w*(Q) = 1; then the time-varying stress resultants and dis-
placements (15) reduce to those which occur immediately
prior to creep, i.e., to the elastic values of these quantities.2-3

Formulas for the stress resultants and displacements, as
given by the elastic shallow shell theory, involve the zeroth-
and first-order Kelvin functions and therefore are unsuitable

oo
0 .2 .4 .6 .8 1.0

DIMENSIONLESS RADIAL COORDINATE, r = ct/a0

Fig. 2 Comparison of approximating polynomials for
space-vary ing dimensionless moment resultants, M'p and
M'0, with exact values from thin shallow spherical shell

theory.

for use in Eq. (14) because of the difficulties encountered in
the integration of this equation. Consequently, the spatial
variations of the dimensionless stress resultants and dis-
placements are approximated by simple polynomials

and

M'p(r) = (1 - r2)^ +

M'9(r) = A, + r2(A4 +
N'p(r) = A, + A
N'e(r) = A8 + A*r*

W'(r) = (I - r2)(A10 -

u'(r) = Al2r(l - r)

(16a)

(16b)

(16c)
(16d)
(16e)

(16f)

Comparisons between the approximating polynomials (16)
and the exact values of the corresponding quantities given
by Eqs. (B-3) through (B-8) of Appendix B are shown in
Figs. 2, 3, and 4.

Employing Eqs. (15, 16, and 4), the creep functional (14)
becomes

= (IiN9*
(I7Ne

InNP*u* (/i

ISQKMe*Me* (17)

where K = Coptv^/S. In arriving at this expression, 770
has been set equal to zero. This corresponds to m = 1 in
the uniaxial creep law. It was found in the experimental
phase of the investigation that the family of constant stress
creep curves associated with the material from which the
test shells were constructed could be accurately represented
by several sets of values of X, m, p. Furthermore, any set
of this sequence of sets of values of X, m, p represented the
family of constant stress creep curves as accurately as any
other set of the sequence. Thus, it was possible to choose
m == 1, provided corresponding values of X and p also were
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Exact Theory
Approximating

— R= 15.0
a = 2.8387
v = .3
CL= 3.7686

"0 .2 .4 .6 .8 1.0
DIMENSIONLESS RADIAL COORDINATE, r = a/CLQ

Fig. 3 Comparison of approximating polynomials for
space-varying dimensionless force resultants, N'p and ]V'0.
with exact values from thin shallow spherical shell theory.

chosen. If m cannot be set equal to unity with a resulting
accurate representation of the family of constant stress creep
curves, then integration of Eq. (14) becomes extremely diffi-
cult. Formulas for the constants 7; appearing in Eq. (17)
are given in Appendix C.

According to the variational theorem for creep the actual
stress rates and velocities which occur for a known state of
stress correspond to a stationary value of the creep functional.
Consequently, setting the partial derivatives of the creep
functional (14) with respect to the time rates of change of
the various dimensionless time parameters equal to zero
yields the following set of six linear first-order ordinary differ-
ential equations with time as the independent variable

I*M9

= 0 (18a)I1QMP*)W* + Jutfp* + /!

r7^* + 78A/p* + 79M/ + 710Mp*)ti* +
(73A^* + JJVp* + 75M0* + IMP*)w* +

(/is + 7i4W*)iVP* + InNe* + 7ieMp* + IiiMe* = 0 (18b)

~K(I2^NP* + h&Ne*) (18c)

.2^* + 7i5ty* + 722iVP* + 2IigNe* =
~K(hiNp* + 726^*) (18d)

+ 729M0*) (18e)

+ 78iMp*) (18f)

The set of equations (18) together with the initial conditions
constitute an initial value problem which determines the
dimensionless time parameters. A direct solution was not
possible, consequently the solution was generated numerically
using the fourth-order Runge-Kutta method.5 The Runge-

Exact Theory —
Approximating Polynomials --•

R = 15.0 in.
a = 2.8387 in
z / = .3
a= 3.7686

0 .2
DIMENSIONLESS

.4 .6 .8 1.0
RADIAL COORDINATE, r * a/a

Fig. 4 Comparison of approximating polynomials for
space-varying dimensionless displacements, u' and ii/,
with exact values from thin shallow spherical shell theory.

t= 16.0 hr. — •• —
t = 20.0 hr. — • • —
t= 24.0 hr. ---
t= 25.5 hr. ————

"0 .2 .4 .6 -.8
DIMENSIONLESS RADIAL COORDINATE,

Fig. 5 Time variation of the dimensionless radial moment
resultant Mp for an external pressure q = 24 psi.

Kutta method requires that the derivatives at the initial
point be finite; however, in the present case it is observed that
K -> oo as t approaches zero, and the Runge-Kutta method
cannot be used to start the process. The method of Picard5

permits, in this case, the calculation of the values of the di-
mensionless time parameters for a point in the immediate
vicinity of t = 0. The Runge-Kutta method can then be
employed to generate the remainder of the solution by using
these new values as initial values.

Figures 5 and 6 show the variation with time of the di-
mensionless radial moment and radial force resultants. It
is observed that these stress resultants increase rapidly during
the early stages of creep (transient creep), uniformly during
the intermediate stages (steady-state creep), and rapidly
again during the final stages prior to collapse. The graphs
of the circumferential moment and force resultants exhibited
the same behavior.

Figures 7, 8, and 9 show the dimensionless center deflection,
w/R, as a function of time for external pressures of 20, 22, and
24 psi, respectively. Again, the transient, steady-state, and
tertiary regions of creep are readily discernible. The con-
figuration for which collapse occurs corresponds to the time
for which the determinant of the coefficients for the standard
form of the differential equations (18) vanishes.

III. Experimental Results

The experimental phase of this investigation concentrated
on obtaining: 1) accurate properties (both creep and elastic)
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Fig. 7 Comparison of the theoretical and experimental
dimensionless center deflection w/R for an external pres-

sure q = 20 psi.

for the material from which the test shells were made, and
2) accurate creep deflection and collapse time data for several
test shells at three different pressure levels.

Material Properties

The theory developed in the preceding section requires
that the time-dependent properties A, m, p and the elastic
properties E and v be known.

The creep properties were obtained by requiring the uni-
axial creep relation

e = \<rmtp (19)
to closely approximate the family of constant stress tension
creep curves for Type 6/6 Nylon shown in Fig. 10. Each
shaded band in this figure represents the region into which
the experimental data for six separate tests at the same
stress level fell. The solid circles, triangles, etc., represent
the predictions of Eq. (19) using the properties p — 0.36,
m = 1, arid X = 29.1 X 10~8. It is observed that the ex-
perimental data is represented accurately by this relation.

The tension creep specimens were cut from the same sheet
of material from which the test shells were constructed, and
received the same heat treatment. Moreover, the tension
€reep tests were made in a laboratory for which the tempera-
ture and relative humidity were carefully controlled so as to
coincide with the environment in which the data for the test
shells were collected. Temperature and humidity were
maintained at 70 ± 1°F and 40 ± 2%, respectively. Thus,
the time-dependent properties used in the theoretical predic-
tions should represent closely those associated with the test
shells.

The modulus of elasticity and Poisson's ratio were found
to be E = 442,000 psi and v = 0.3. Specimens used to ob-
tain these data were taken from the group of tension creep
specimens. However, it was not possible to make the r,e-
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Fig. 9 Comparison of the theoretical and experimental
dimension less center deflection w/R for an external

pressure q = 24 psi.

quired tests in the controlled atmosphere. Nevertheless,
it is felt that the deviation in environments was small and
had insignificant effects on the elastic properties.

Shell Creep Data

A pressure chamber was constructed so that experimental
creep deflections and collapse times could be obtained for
several test shells. The pressure chamber employed room
temperature air as the loading medium and a Norgran Type
11-018 pressure regulator to maintain the desired pressure.
The chamber consisted of a thick-wall steel tube with flanges
welded to each end. Steel plates were bolted to these flanges;
the upper plate being solid except where the air source and
bleed-off connections were attached, whereas the lower plate
contained a counterbored hole that served as the simple
support for the test shell.

A J in. aluminum plate with four radial slots located at
90° intervals was bolted to the lower plate. This provided
a reference surface for an electrical deflectometer and four
dial indicators measuring deflections at a constant distance
from the pole of the shell and at 90° intervals around the
shell. It also precluded an accidental discharge of the test
shell from the pressure chamber. The center deflection was
recorded continuously for five separate test shells at the same
pressure level. Data were obtained for three different pres-
sure levels of 20, 22, and 24 psi, and are presented in Figs.
7, 8, and 9.

The test shells were formed by heating flat disks of the
required thickness (0.125 in.) in raw linseed oil for 7 hr at
365 °F. It was necessary to use linseed oil in order to pre-
vent oxygen embrittlement of the surface. The soft disks
were clamped between specially made forming dies and
allowed to cool slowly to room temperature. The edge of
each shell was then machined to the proper dimension for
insertion into the pressure chamber. Creep tests were begun
for each test shell within 2 hr after machining the edge.

0.0040

z .0032 —

.0024 -

.00 1 6

0008

0.0000

Fig. 8 Comparison of the theoretical and experimental
dimensionless center deflection w/R for an external

pressure of q = 22 psi.

30 40 50
TIME (HOURS)

Fig. 10 Experimental data for constant stress tension
creep tests for Type 6/6 Nylon at 70° F.



474 SHI, JOHNSON, AND BAULD JR. AIAA JOURNAL

Q.
o

0 .2 .4 .6 .8 1.0
DIMENSIONLESS RADIAL COORDINATE, r = Ct/CtQ

Fig. 11 Comparison of experimental and theoretical mode
forms for dimensiontess transverse displacements w/R at

various times for a pressure of 22 psi.

IV. Discussion and Conclusions

Figure 7 displays the theoretical predictions for the creep
deflections and collapse times for several values of the radius
R for a pressure of 20 psi. The unconnected points represent
experimental data obtained for five test shells. Figures 8
and 9 display the same information for pressures of 22 and
24 psi, respectively. The experimental data correspond to
test shells which were formed in dies of mean radius 11.875 in.;
however, theoretical predictions for this radius are not shown
since, without exception, the test shells became more convex
(opened) upon removal from the forming dies. After the
test shells were placed in the pressure chamber no-load
measurements of the vertical distance from the reference base
to the internal surface of the shell were made at a = 0, 0.62,
and 1.0. Using this measured data, it was found that the
test shells were not perfectly spherical; however, the deviation
from sphericity was small and the radii of the test shells were
calculated to be very nearly 13.31 in. The observation that
the radii were approximately the same for all test shells is
substantiated to some extent by the relatively small amount
of scatter in the creep data for most of the test shells.

Unfortunately, the theoretical predictions, based on the
variational theorem for creep, for a radius of 13.31 in. do not
agree closely with the experimental data. Consequently,
theoretical predictions for radii of 15 and 16 in. also are
presented for each pressure level so that the sensitivity of the
theory to small changes in radius is displayed. It is apparent
that the theoretical creep deflections and collapse times de-
pend significantly on the radius of the shell; however, it is
felt that the radius of 13.31 in. represents very closely the
actual radius of the shell and hence one must search else-
where for the source of the discrepancy between the theoreti-
cal predictions and the experimental data.

In order to ascertain where significant improvements in
the comparison of the theoretical predictions and the experi-
mental data might be made it is necessary to bring into focus
certain assumptions used in the construction of the conceptual
creep model as well as any deviations that the experimental
models may have had from the conceptual model.

Aside from the usual kinematic assumptions of shallow
shell theory there are three aspects of the conceptual model
whose effects on the theoretical creep predictions should be
discussed. The first centers on the validity of the constitutive
relation used to represent the creep behavior of the material
from which the test shells were constructed. The constitutive
relation employed in this study has been accepted on the
basis of its use in other creep studies of a similar nature.
Unfortunately, the authors have been unable to uncover
experimental evidence confirming or refuting its validity.
The effect of the constitutive relation on the comparison be-
tween the theoretical predictions and the experimental data
depends on how severely the constitutive relation fails to

represent the correct creep behavior of the material from
which the test shells were constructed.

The second aspect centers on the choice of the form of the
time-dependence of the functions (15) used to represent the
stress resultants and displacements after the onset of creep.
The nature of these functions is such that they reduce ap-
proximately to the stress resultants and displacements at
t = 0 in accordance with shallow spherical shell theory.
Now as the test shell deforms with the passage of time the
shapes of the graphs of the stress resultants and displace-
ments change. Since only a single time parameter is built
into each of the functions (15) one suspects that for short
times these approximate stress and displacement mode forms
represent accurately the actual stress and displacement mode
forms. However, with the passage of time, the deviation
between the approximate and the actual stress and displace-
ment mode forms can become serious. Figure 11 indicates
the extent of this deviation for the transverse deflection in
the present study. The broken lines represent the experi-
mental mode forms for various times, whereas the solid lines
represent the theoretical mode forms. Since the theoretical
mode forms have the same shape for all times it is observed
that the two mode forms are essentially the same for short
times but deviate increasingly for longer times. Moreover,
it is noted that the theoretical and actual mode forms for
the bending moments would be similar to those for the trans-
verse deflection and would exhibit similar deviations. A
significant improvement in the comparison between the
theoretical creep predictions and the experimental data can be
obtained by taking the stress resultants and displacements in
the form of power series in the dimensionless radial coordinate
with time-dependent coefficients. Naturally, the more terms
that are retained in these series the greater will be the number
of dependent variables in the system of differential equations
governing the creep behavior of the shell. Thus, practical
considerations will determine the number of terms that can
be retained.

Finally, the conceptual model embodied the assumption
that both the elastic and creep deformations occurred in a
rotationally symmetric manner. The deflections of the test
shells were measured at 90° intervals on a circle correspond-
ing to a = 0.62 for various times. The differences between
the deflection at these four points were insignificant for small
times, and increased to a maximum of 3.26% in the region
just prior to collapse. Consequently, the assumption of ro-
tationally symmetric deformations is considered valid.

In conclusion, it is felt that the discrepancy observed be-
tween the theoretical predictions for the creep deflections and
collapse times and the experimental data is due principally
to the deviations that occur between the theoretical and
actual stress and displacement mode shapes with the passage
of time. Closer agreement is to be expected when more time
flexibility is built into these mode forms.

Appendix A: Transformation of Uk.iUjc.jO'ij

Unlike the other terms in the integrand of the volume
integral, the term Uk,itrk,jO-ij is not invariant under a trans-
formation of coordinates and must be transformed to the
system of coordinates (p,0,3) used in this investigation. It
is convenient to transform this term to spherical coordinates
r, <£, v (radial distance, colatitude, and longitude, respectively)
and later replace them with the shallow shell coordinates
(p,0,z).

Let the transformation of coordinates be designated by
Xi = Xi(xa), where Latin subscripts refer to the original (Car-
tesian) set of axes and Greek subscripts to the final set of
axes, then

/dfod^WdfodzA
= 1 ^—— ^~ ) I ^~~ ^—— J\bxa dz,-/ \dx0 ftxj J

(Al)
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Now if fia denote the direction cosines defining the orientation
of the final set of axes with the initial set and Aa are scalar
factors there may be written

dxa = (£ia/Aa)dxi

with the aid of which Eq. (Al) becomes

- —
OXa

(A2)

(A3)

However, the special form of these formulas relevant to the
present study are listed below. For convenience these
formulas have been nondimensionalized. Thus, if the
primed quantities refer to the nondimensional quantities, we
shall have for the simply supported shallow spherical shell
under uniform external pressure q the following formulas:

M p B = Ci \beia + -^j~ (bena + beiia) \

The quantity in parentheses is just cra^; consequently, there
is obtained

(A4)

bera -

nQ2 f" 1 — v

M'e = Me — B = Ci\ vbeia —

beia)] (B3)

For spherical coordinates Ar = 1, A$ = r, and Ae = r sin0.
Thus, there results for the present study (ov = rre = Tr<t> =
Tte = 0) R

f 1 - v 1C2 vbera + /2 (—beria + 6a'ioO (B4)

1
+ +

OP -r

*V + + 0-0 (A5)
(B5)

Making use of the transformation Ui = liaUa and assum-
ing displacements that vary according to the relations U = u —
zw, W = w, and V = 0, relation (A5) reduces to the required
expression in shallow shell coordinates;

TT TT /W U Z \2

Uk,iUk,j(Tij = ( -= + - - - Wp } (76 +
\tt p P /

r/w Y / u z \2i
r> + up - zwpp + [wa- -+ - u>p) ap (A6)L\^ / \ R R / J

The last expression has been obtained making use of the ap-
proximations (p/R)2 — 1 and z/R « 1.

„ beraQ — (1 —

T? r i n
J'o = Ne 7^7 B = Ci\ bera - —7— (-berl0t + beiia) +Jbri |_ 2ll2a J

r i i i
C2 [beia + 2^ (6cria + to^)J + (1 _ ^

u' = u — B = — - — [—Ci(—beria + beiia) —
po *

C^bena +

w' = W(B) - beia

(B6)

(B7)

(B8)

In the foregoing formulas B = (1 — v) qR2a0/(2Eh) and
the constants d are given by the formulas

(B9)
a0

2(ber2a0 + bei2aQ)

Appendix B: Stress-Resultants and
Displacements Associated with Elastic

Shallow Shell Theory

Initial conditions associated with the simultaneous differ-
ential equations governing the creep behavior of thin shallow
spherical shells are obtained from the elastic theory based
on the equations of E. Reissner.2 It is assumed that creep
deformations do not begin until the total external pressure
has been applied. Consequently, it is necessary to perceive
the pressure to be applied instantaneously without intro-
ducing significant inertia effects. With this in mind, the
initial conditions associated with the onset of creep are ob-
tained from the elastic theory of shallow spherical shells.
Only the results from this theory which are relevant to the
present investigation are presented here.

The equations relevant to shallow spherical shells are

(p0
2/£>#)V20 = <?/(£>po4) (Bl)

- (Eh/R)Po
2V2w = 0 (B2)

Here w and <jf> are the transverse displacement and Airy stress
function, respectively, and are functions of the radial co-
ordinate a. = p/po in the base-plane of the shell. The
parameter p0 is defined by p0

4 = DR2/(Eh), and p is the radial
coordinate in the base-plane of the shell.

Formulas for the stress resultants are given by E. Reissner2'3
and will not be listed here because of space requirements.

beiaQ
I — v

C2 =
6era0 — ̂ — (—ber^ao + 6ei]

where a0 = a/p0.

(BIO)

(Bll)

Appendix C: Coefficients Arising Through
Integration of Creep Functional

h = 12R*

Is = rr^; -o

~ *
m< + sir')
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/ 11 \~l /12
n2 7A, + if A7 ) + ( ^f\ 2 /J \o2

\ 1
A7j + iAwAu(A, + A7)

±
60

/6 =

Il =

h =

D

6A2)}

/!„ =

252^) J +' 4uLAl

2A7) A7)

, , + . + .
Po l ^ 6 ' ^ 3 / J

D ( / 1 1 \ 1 V
-i~ 2 {^ io(^8+^A 4 + r A 6 ) + -AU(A4 + A5)[°Vl \ 2 3 / 6 f

_
/24 :=: 4jETi8, /25 = — ̂ 22)

I28 =
T/7
~~
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